Polar, Paramefric & Vectfor Review

1. Which of the following curves pass through the point (1, 4)?
(@ o) = (%1 +3) (b) e(r) = (12,1~ 3)
(© () =(%3—-1) (@ ctr) = (r = 3,12

2. Find parametric equations for the line through P = (2, 5) perpen-
dicular to the line y = 4x — 3.

@Find parametric equations for the circle of radius 2 with center
(1, 1. Use the equations to find the points of intersection of the circle
with the x- and y-axes.

4. Find a parametrization ¢(r) of the line y =5 —2x such that
c(0) =2, D.

5. Find a parametrization c(8) of the unit circle such that ¢(0) =
(-1,0).

6. Find a path ¢(r) that traces the parabolic arc y = x from (0, 0) to
B,9for0<t < L.

7. Find a path c¢(7) that traces the line y = 2x 4+ | from (1, 3) to (3, 7)

for0 <t <1.

8. Sketch the graph c(¢) = (I +cost,sin2f) for 0 <t <27 and
draw arrows specifying the direction of motion.

In Exercises 9—12, express the parametric curve in the form y = f(x).

9. c(t) = (4t —3,10—1) 10, ¢(t) = (2 + 1,2 —4)

X =tanf, Yy =Ssecrt

2 ]
1. o(r) = (3 - P4+ ?> 12.

In Exercises 13—16, calculate dv/dx at the point indicated.

Boety=@+1.°=1), t=3

(@)c(é)) = (tan” 8, cosf), 6= %

15 c(r) = (" —1,sint), 1=20

(6) ety = nt.32— 1), P=(0.2)

17. A5 Find the point on the cycloid c(f) = (+ — sint, ] — cos )

where the tangent line has slope 71

18. Find the points on (1 + sint, 1 — 2sin¢) where the tangent is ver-
lical or horizontal.

19. Find the equation of the Bézier curve with control points

Py=(=1,=-1), Pi=(=L1, P=(L1, Pi(1, -1

20. Find the speed at 1 = % of a particle whose position at time !

seconds is ¢(r) = (sin4t, cos37).

21. Find the speed (as a function of t) of a particie whose position
atltime  seconds is c(¢) = (sint + ¢, cost + ). What is the particle’s
Maximal speed?

@ Find the length of (3¢’ —3,4¢' + 7) for0 <t < L.

In Exercises 23 and 24, let ¢(t) = (e™ ' cost, e sint).

23. Show that ¢(r) for 0 <t < oo has finite length and calculate its
value.

24. Find the first positive value of 1 such that the tangent line to ¢(¢p)
is vertical, and calculate the speed at = 1.

25. A5 Plot ¢(r) = (sin2r,2cost) for O <t < m. Express the
length of the curve as a definite integral, and approximate it using a

computer algebra system.

26. Convert the points (x, y) = (1, =3), (3, —1) from rectangular to

polar coordinates.

@Convert the points (r, ) = (1, %) 3. 5—‘?—) from polar to rectan-

gular coordinates.
28. Write (x + y)2 = xy + 6 as an equation in polar coordinates.

2cosf

————— asanequation in rectangular coordinates.
cosd — sinfd

29, Writer =

30. Show that r = is the polar equation of a line.

7cosf —sinf

- &
31. IGU| Convert the equation

9067 +y%) = (2 + 2 - 29)?
to polar coordinates, and plot it with a graphing utility.

\32 . Calculate the area of the circle » = 3 sin § bounded by the rays
0= % and § = i

33. Calculate the area of one petal of r = sin 46 (see Figure 1),

34. The equation r = sin(nf), where n > 2 is even, is a “‘rose” of 2n
petals (Figure 1). Compule the total area of the flower, and show that
it does nol depend on n.

W 2,

W 7S

n =6 (12 petals)

2R\

_/I\

n =72 (4 petals)

n =4 (8 petals)

FIGURE 1 Plot of r = sin(n8).

35, Calculate the total area enclosed by the curve r% = cos 8¢5 ¢ (Fig-
ure 2).
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FIGURE 2 Graph of r2 = cos@e*in?,

30. Find the shaded area in Figure 3.

[T _r=1+cos26
N
>\—/\ X

FIGURE 3

e

37. Find the area enclosed by the cardioid r = a(1 + cos 8), where
a > 0.

38. Calculate the length of the curve with polar equation r = 6 in Fig-
ure 4. .

FIGURE 4

In Exercises 39-44, let v = (=2, 5) and w = (3, ~2).

@ Calculate 5w — 3v and 5v — 3w.

40. Sketch v, w, and 2v — 3w.

41. Find the unit vector in the direction of v.
42. Find the length of v 4+ w.

43. Express i as a linear combination rv + sw.
44. Find a S(-:a]ar « such that ||v + aw| = 6.

N
éS’ If P=(1,4) and Q = (—3,5), what are the components of P Q?
= =

What is the length of P 07

46. Let A =(2,~1), B=(1,4), and P = (2, 3). Find the point Q
— — — —
such that P () is equivalent to A B. Sketch P and AB.

' Eind the.vector with length 3 making an angle of 7T” With gy,
positive x-axis.

48. Calculate 3 (i — 2j) — 6 (i + 6).

49. Find the value of g for which w = (=2, ) is paralle] oy~
(4, -3). h

50. Let r1(r) = vy + 1w and r(¢) = vo + fwo be parametrizatjgp,
of lines £ and L. For each statement (a)~(e), provide a Proof if e
statement is true and a counterexample if it is false.

(a) f L1 = Lo, thenv| = v, and w| = wo.

(b) If £y = Lo and v) = vy, then w| = wa.

(¢} If L1 = Ly and w) = wy, then v| = vy.

(d) If L) is parallel to £y, then w| = wo,

(e) If Ly is parallel 1o Lo, then wy = Awa for some scalar A,

51. Sketch the vector sum v = v| — v, + v3 for the vectors in Fig-
ure 5(A).

) ¥
Vo A2
v
3 - v
M _,/
X
(A) (B)
FIGURE 5

52. Sketch the sums v1 + v + v3, v{ + 2v, and vo — v3 for the vec-
tors in Figure 5(B).

53. Use vectors to prove that the line connecting the midpoints of two
sides of a triangle is parallel to the third side.

54. Calculate the magnitude of the forces on the two ropes in Figure 6.

A, 8
., 30° 4557
3 %

ROPE 1 \._‘\_\ P !_,-' ROpC 2

o

lOkg‘

FIGURE 6

55. A 50-kg wagon is pulled to the right by a force F| making an angle
of 30° with the ground. At the same time the wagon is pulled to the left
by a horizontal force Fy.

(a) Find the magnitude of T} in terms of the magnitude of Fy if the
wagon does not move.

(b) What is the maximal magnitude of F that can be applied to the
wagon without lifting it?

56. Find the angle between v and w if |v + w|| = ||v|| = ||w]l.

57. Find |le — 4f||, assuming that e and f are unit vectors such that

lle +fil = /3.



n

58, Find the area of the parallelogram spanned by vectors v and w such 68. Calculate / (sing 9) 4o

that [Vl = lwjl = 2and v-w = 1. 0 B

In Exercises 59~64, calculate the derivative indicated. 69. A particle located at (1, 1) at time ¢ = 0 follows a path whose
C, ), r) = (1 —t, t_2> velocity vector is v(¢) = (1, t). Find the particle’s location at ¢ = 2.

60. (1), r() = (r3, 4[2) 70. Find the vector-valued function r(r) = {x (1), y(z))in R? satisfying
@ 0 el . _4’2) r'(t) = —r(t) with initial conditions r(0) = (I, 2).
@), r@)=(",e

2 D). ) = (t_z, -+ 1)_1) 71} Calculate r(¢) assuming that

G %81(1,,) r"(t):(4—16t,12r2—r>, YO = (1,0,  r0) =0 1)

d
64. Er(cos 0), 1(s)={s, 2s) 72, Solve (1) = ([2 -1, 4+ 1> subject to the initial conditions

In Exercises 65 and 66, calculate the derivative at t = 3, assuming that r(0) = (1,0) and r'(0) = {~1,1).
o~
nG)=(,1, rnGd=(11 (7_3:) A projectile fired at an angle of 60° lands 400 m away. What was
) , its initial speed?
r3M=1{00, 1y3)=1{02
74. Aforce F = (121 + 4, 8 — 24¢) (in newtons) acts on a 2-kg mass.

d d . -
'LL 2;(61 1) — 4 12(1) 66. (g 12(;)) Find the position of the mass at t = 2 s if it is located at (4, 6) at/ = 0
and has initial velocity (2, 3} in m/s.
O Calculate[ 4’ +3,t )d 75. Find the unit tangent vector to r(t) = (sin t t) atr = .

0dd Answers!

27. (1, %) and (3, 5f> have rectangular coordinates <§, %) and
; (_ﬂ _3_@)
Chapter 11 Review AR
L (@), () 29. /xT+y2 = £ 3L r=3+2sin6
3. ¢(1) = (14 2cost, 1 + 2sint). The intersection points with the 5
y-axis are (0, 1+ «/5) The intersection points with the x-axis are 4
(1£+3,0). 2 I
5. ¢(0) = (cos (@ +m),sin(@+m)) 7.c(t)=01+21,3+ 41)
L= _x 37 —_ 8 4 3=x o
9.y itz 1y G2 + = B
dy 3 z 4 20 = ‘ 4
13'Hr_3—ﬁ 13'—;”_0 o Y5 2 0 0 1 2 3 4
17. (0, 1), (r, 2), (0.13, 0.40), and (1.41, 1.60
01316525 GH5, OO reaire, S0 BoA=E 35 em
19, x(t) = =262 + 4= — 1, y(1) =267 = Bt* + 61 — 1 Note: One needs to double the integral from —7 to 2 in order to
21. %f— = /3 + 2(cost — sint); maximal speed: v3 + 2./2 Z;COZ”’fOB’ﬂIZ‘;m sides of the graph.
23, s =+/2 B S .
s @, = L 41, <—— _>
39. (21 25) and (—19, 31) 41 Vo' Voo
43 i=Ev Sw 45 PO = (-4, 1); HP—é" =17
3 _3 -3
25. y 47, <ﬁ ﬁ> 49. p =3
24 51. Y
1 Y+ v+ vy
— + x
-2 -l 2

5 =2 [T Voos? 2 +sin? ¢ dt ~ 6.0972 e
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4 (6ry(1) — 4r2())lr=3 = (0. =8)

3+t,t4—%t3+1>



